Kirchho migration operator is a highly oscillatory integral operator. In our previous work (Wu and Yang, 1997) , we have shown that the matrix representation of Kirchho migration operator for homogeneous background in space-frequency domain is a dense matrix, while the compressed beamlet-operator which is the wavelet decomposition of migration operator in beamlet-frequency (space-scale-frequency) domain is a highly sparse matrix. Using the compressed matrix for imaging, we can obtain high quality images with high e ciency. We found that the compression ratio of migration operator is very di erent for different wavelet basis. In the present work, we study the decomposition and compression of Kirchho migration operator using adapted wavelet packet best basis, and compare with the standard discrete wavelet transform (DWT). We proposed a new maximum sparsity adapted wavelet packet transform (MSAWPT) for implementing the decomposition of Kirchho operator to achieve the maximum possible sparsity. From the numerical tests, it is found that the MSAWPT can generate a more e cient matrix representation for migration operator than DWT and the compression capability of MSAWPT is much greater than that of DWT.
Introduction
Seismic imaging consists of two processes: downward continuation of wave eld (wave backpropagation) and the application of imaging conditions. The main computational burden is the backpropagation calculation. Therefore, one wishes to get high compression ratios not only for seismic data but also for migration operators to maximally increase the computational eciency. Kirchho migration operator is a highly oscillatory integral operator. In our previous work (Wu and Yang, 1997) , we have shown that the matrix representation of Kirchho migration operator for homogeneous background in space-frequency domain is a dense matrix, while the compressed beamlet-operator which is the wavelet decomposition of migration operator in beamlet-frequency (space-scale-frequency) domain is a highly sparse matrix. Using the propagator matrix in wavelet domain, we can get the decomposition of the wave eld into multi-scale beams in different locations and with di erent propagating directions. Using the compressed matrix in wavelet domain for imaging, we can obtain high quality images with high e ciency. In the meantime, we found that the compression ratios of the migration operators are very di erent for di erent wavelet bases. This motivates us to further study the operator decomposition and compression using other multiresolution schemes. In the present work, we study the decomposition and compression of Kirchho migration operator by adapted wavelet packet transform, and compare with the standard discrete wavelet transform.
Theory and algorithm Migration operator The Kirchho integral can be expressed as
where u(z) is the extrapolated wave eld for forward problem, or the image function for inverse (imaging) problem, S is the surface for 3D problem, and the curve for 2D problem, on which the wave eld u (pressure) is known, n is the outgoing normal of the surface, z0 is a point on S and g is the Green's function. For the sake of simplicity, we use the Kirchho integral on a at surface (or a straight line). In this case, the Kirchho integral can be reduced to a Rayleigh integral
If we replace the Green's functions in above formulae by their conjugates, the surface or curve integrals will be changed to imaging (backpropagation) integrals.
For the basic principle of operator decomposition, please see references (Wu and Yang, 1997) .
Maximum sparsity adapted wavelet packet transform (MSAWPT) A wavelet packet tree constitutes an overabundant set of basis functions with remarkable orthogonality properties such that a great number of subsets can form orthonormal bases. However, not all the bases are e cient for getting the maximum sparsi cation for operator decomposition. Therefore, we developed a new algorithm to select the \best basis" from all the possible wavelet packets based on a cost functional.
To search for wavelet packet best basis for maximum sparsity of the transformed operator (matrix), a cost functional is de ned in the speci ed basis. There are several kinds of cost functionals appeared in the literature (Michel et al., 1996) . Here, we use the so-called \THRESHOLD" as the cost functional, i.e., cost functional e(P) = the number of coe cients whose absolute value exceed a threshold , where P is the transformed matrix. Our MSAWPT can be described schematically as follows:
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Figure 1: Cost functionals at the parent node and the two relative child nodes. Decision will be made on whether the matrix should be further decomposed at the node (s,f) based on these functionals.
First, we begin the decomposition of the operator (matrix) from the root of decomposition tree for each row and calculate the cost functional at every stage. If the cost functional at the parent node (s; f) is greater than the summation of the cost functionals at the relative two child nodes (s + 1; 2f) and (s + 1; 2f + 1), i.e. (see Fig.1 ), e(P s f ) > e(P s+1 2f ) + e(P s+1 2f+1 ), then we continue decomposing the matrix, otherwise, we stop at the parent node (s; f); , and so on. During the searching, if the decomposition stops at some nodes, these nodes obviously consist of the wavelet packet coe cients in the best basis and once the MSAWPT is carried out, the best basis is found and also the wavelet packet transform using the best basis is completed. After the above algorithm has been implemented for rows of the original operator matrix in space-frequency domain, the best row basis has been found. In this paper, because of the symmetry inherent to the Kirchho migration operator (matrix), we assume the best column basis to be the same as the best row basis.
Second, we perform the wavelet packet transform to the columns of the row-transformed operator (matrix) in the speci ed best column basis.
Note that the best basis found by MSAWPT is only a local optimum basis, while, this new algorithm can also automatically nd the best decomposition depth (level). The global best basis can be searched using the Coifman-Wickerhauser's best basis pursuit algorithm (Coifman and Wickerhauser, 1992) . However, such an algorithm requires signi cantly more computation time and memory, and it searches the best basis only if the decomposition depth (level) is given. As to the computation complexity of MSAWPT, as we have observed in our numerical tests, the real operator decomposition complexity of MSAWPT is around O(N 2 ).
Numerical results
In this section, we show the decomposition and compression properties of the Kirchho migration operator using di erent kinds of mother wavelets when performing maximum sparsity adapted wavelet packet transform and compare the results with those of the standard DWT.
As a reference, Fig.2 shows the matrix representations of a full-aperture migrator in a homogeneous medium in space domain for di erent frequencies (left: 5:9Hz and right: 25Hz). Only real parts of the complex operators are plotted. This matrix will migrate a wave eld of 128 points with sampling interval x = 25m to a depth of z = 25m. The velocity of wave propagation is 2000m=s. We see that the Kirchho operator in space domain is a dense matrix, i.e., the o -diagonal coe cients fall o slowly when moving away from the diagonal. We know that Daub4 is short and sharp, while Coif5 is long and smooth, and Coif5 is much more symmetrical than Daub4.
The decompositions of Kirchho migration operators for di erent frequencies using di erent mother wavelets by standard discrete wavelet transform (DWT) and MSAWPT are compared in Figs.4 which is quite di erent from the standard DWT decomposition tree, is shown in Fig.3 . We can see all the matrices in beamlet domain are much sparser than those in space domain (see Fig.2 ) regardless of DWT or MSAWPT. However, it is clearly observed that, for low frequency (5:9Hz), the upper left part with high oscillating components can be automatically re ned by MSAWPT, and for high frequency (25Hz), the lower right part with high oscillating components can be also automatically re ned by MSAWPT. The re nement in appropriate region makes coe cients faster decay and the energy more concentrated around the diagonal. So the matrix (operator) can be represented in a more e cient way by MSAWPT. The same phenomena can be observed from Fig.5 , which is the decomposition comparison between DWT and MSAWPT using Daub4. However, the interscale coupling between large and small scales for Daub4 is obviously stronger than that for Coif5 even in wavelet packet best bases.
More careful observation shows that for high frequency (25Hz), the sparsity of Kirchho operator is always worse than that for low frequency ( (DWT or MSAWPT) is used. This means that an e cient representation for operator also depends on properties of the operator itself. Notice that the Kirchho operator is complex, while the transform operator is real. To make the inverse transform of the image function in beamlet domain valid, we have to assume the best bases to be the same for both real parts and imaginary parts. From many numerical tests, we found the matrices for imag- inary parts can be better sparsi ed by MSAWPT than those for real parts. Therefore, we select the best bases of imaginary parts as the decomposition bases of real parts. We obtain the compressed matrix with a cut-o level of one percent of the maximum absolute coecient. The comparison of compression ratios between DWT and MSAWPT for di erent frequencies and different wavelet bases is shown in Table 1 . From Table  1 , we see that the compression ratios by MSAWPT are much higher than those by DWT ( the compression ratio of the entire complex operator is de ned as the arithmetic mean of the compression ratios of real part and imaginary part). 
Conclusions
In this paper, we study the decomposition and compression of Kirchho migration operator by adapted wavelet packet transform (AWPT), and compare with the standard discrete wavelet transform (DWT). The maximum sparsity adapted wavelet packet transform (MSAWPT) has been proposed to implement the decomposition of Kirchho operator. From the numerical tests, it is found that the MSAWPT can generate a more e cient decomposition of Kirchho operator than the DWT, and the compression ratios by MSAWPT are much higher than those by DWT for di erent frequencies and di erent wavelet bases. MSAWPT can automatically search the oscillating components and further decompose these components along the tree to achieve the maximum possible sparsity. This new algorithm can adaptively pursue a local optimum basis and also nd the best decomposition depth (level) with the computation e ciency O(N 2 ), which is the same as that of DWT.
